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Abstract. In this article we study a special class of vector bundles, called 
tensors. A tensor consists of a vector bundle E over a smooth irreducible 
projective variety and a morphism of vector bundles c/p. As for classical vector 
bundles, there exists a notion of stability for these objects given in terms of 
filtrations of the vector bundle E. The aim of the present paper is to prove that 
if a destabilizing filtration is ’’too” long then there exists a shorter subfiltration 
which destabilizes as well. Moreover, we describe some related combinatorial 
problems, which arise from the description of a tensor {E, ip) or, more precisely, 
a filtration of as a a-dimensional matrix. Eventually, as example we study 
semistable tensors on the projective line. 


1. Introduction 

A tensor consists, roughly speaking, of a (coherent) sheaf E over a smooth variety 
X, “decorated” with a morphism if from (^®“)®^ to (det£')®'^ 0 where is 
a torsion free sheaf over X (see Definition [T)). A slightly different notion of sheaf 
decorated with a morphism was introduced by Schmitt, (see, for example i, m, 
[8]) while the more general notion of tensor was introduced by Gomez and Sols in 
[4]. In both cases, such objects share the same semistability condition and gain 
their importance because they include many types of sheaves such as principal 
bundles, framed bundles, Higgs bundles, orthogonal and symplectic sheaves, and 
many others. 

Recently, using this formalism, Gomez, Langer, Schmitt and Sols construct the 
moduli spaces of semistable principal bundles over smooth projective varieties over 
algebraically closed fields of positive characteristic [5]. The semistability notion is 
very important for sheaves and it plays a fundamental role in the construction of 
their moduli space. Unfortunately the semistability condition for tensors, as well as 
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the slope semistability condition, is quite complicated and has to be checked over 
all weighted filtrations, of any length, of the given sheaf E (see Definition [5|) . 

Let {E, (fi) be a tensor. We associate to a weighted filtration {E’,a)i, indexed by 
the set of indexes I, a matrix Mi{E*,a) which remembers the behavior (i.e. to be 
zero or not) of (p over the given filtration. These matrices, as well as the behavior of 
if over the filtration, are uniquely determined by particular elements of the matrix, 
called “pivots” (see Section \TJ\ for the constructions and definitions), and more 
pivots determine a matrix more complicated is the behavior of tp over the given 
filtration. As main result of this paper (Theorem [12]) we prove that if the length of 
a destabilizing filtration is (strictly) greater than the number of pivots associated 
to it, then exists a proper subfiltration which destabilize as well. The number of 
pivots associated to a filtration is proportional to the complexity of the behavior of 
ip over the given filtration. As consequence of Theorem [T^l we obtain a reduction 
of the (semi)stability condition; it is enough to check the (semi)stability of tensors 
over subsheaves and filtrations with “enough” pivots, instead of over all filtrations. 
Moreover, in Section jd] we investigate some combinatorial problems rising from 
the matrix {E*,a)i associated to a given filtration {E*,a)i^ and in particular we 
determine the maximum number of pivots, which could determine such a matrix, 
as a function of the rank and the type of the tensor (E, p). Eventually, in Section 
m we study rank 3 semistable tensors on . 


Notation. We use the convention that whenever (semi)stable and (=) (resp. (=)) 
appear in a sentence, two statements should be read: one with semistable and < 
(resp. >) and another with stable and < (resp. >). 

All the schemes in the paper are locally noetherian. A variety is an irreducible 
and reduced separated scheme of finite type over an algebraically closed field k of 
characteristic zero. 

Acknowledgment. We thank Professors Ugo Bruzzo, Marcos Jardim and Beatriz 
Grana Otero for useful discussions. 


2. Semistability conditions 

Let (A, Ox(l)) be an n dimensional polarized smooth variety over an alge¬ 
braically closed field k. A family of locally free sheaves over X parametrized 

by a scheme i? is a locally free sheaf D on A x i?, and for a given closed point u G R, 
we denote by the restriction to the slice A x {u}. 

From now on we fix a polynomial P of degree n and integer numbers a, 6, c, d, r 
with a, &, r > 1 and c > 0. 

Definition 1 (|3] Definition 1.1). A tensor of type (a, 6, c, D, R) over A is a triple 
{E,p,u) where if is a coherent sheaf with Hilbert polynomial Pe = P, degree 
deg(£’) = d and rank rk(if) = r, A is a scheme, D is a locally free sheaf over X x R 
and p is morphism 


not identically zero. 


(det A)®" (g) D„ 
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Sometimes we will simply call these objects tensors instead of tensors of type 
(a, b, c, D, R) if the input data are clear by the context. 

Remark 2. The notion of tensor generalizes the notion of decorated sheaf intro¬ 
duced by Schmitt ([8]) and studied by the authors in [2]. We recall the definition 
of the latter: 


Definition 3. A decorated sheaf of type (a, b, c, L) over X is the datum of a 
torsion free sheaf E over X and a non-zero morphism 

(1) ^ ■■ Ea,b,c = ® (det ^ L, 

where L is a line bundle over X. 

The morphism (p : Ea,b,c L induces a morphism Ea^ (det (g) L. By an 
abuse of notation, we still refer to the latter as p. In this context it is easy to see 
that a decorated sheaf of type (a, b, c, L) corresponds (uniquely up to isomorphisms) 
to a tensor of type (a, &, c, D), where we have chosen R = {pt} and D the pullback 
of L over X x R. 


Remark 4. The category ^^bcDR tensors with fixed determinant det A ~ £ 
of type (a, b, c, D, R) is equivalent to the category Cf ^ g w* r tensors with 

fixed determinant of type (a, 6, 0,7r^£®'^ 0 D,R), where : X x R ^ X is the 
projection. Indeed it is easy to see that map 


'^a,b,c,D,R 


{E,p) 

is an equivalence of categories. 


^a,b,0,7r^ C®'^®D .R 
{E,p) 


Since we are interested in studying the semistability condition of a given tensor, 
and not of families, from now on we will consider tensors of type (a, b, 0, D, R) with 
R = {pt}. Therefore, from now on, D will be regarded as a torsion free sheaf over 
X and we will denote by (A, p) the triple (i?, p, pt) and by (a, b, D) the quintuple 
(a, b, 0, D, {pt}). If X is not smooth the determinant of E could be not defined, so 
it is not possible to define tensors having c 0 over a non-smooth variety. As we 
restricted considering only tensors of type (a, &, D), from now on we admit X to 
be singular. The definitions of semistability and k-semistability, that we are just 
about to introduce, are the same both for tensors (A, p, u) of type (a, &, c, D, R) 
both for tensors of type (a, b, D). For these reasons and for simplicity’s sake we will 
give such definitions only for the latter. 

Let {E, p) be a tensor of type (a, b, D), consider the following filtration 

(2) A* : 0 C E,^ C ■■ ■ C Ei^ C Er = E 

of saturated subsheaves of E, and let a = (aq,..., ai ^) be a vector of positive 
rational numbers. Finally let us denote by I = {ii,...,is} the set of indexes 
appearing in the filtration (we request that the set of indexes satisfies the property 
that for any j, ij < ij+i) and by |l| its cardinality. We will refer to the pair 
(A*,a)i as weighted filtration of E indexed by I, or simply weighted filtration. 
A weighted filtration defines the following polynomial 

(3) = -rk(£;) • , 
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and the rational number 

(4) = '^ai {degE ■ rk{Ei) - Tk{E) ■ degEi ), 

iGl 

where Pe. denotes the Hilbert polynomial of Ei. Finally we associate to {E*,q)i 
the following rational number also depending on 

(5) a; ‘P) ^ + • • • + 7i,ia I ^ Oj’’ 

where I = I U {r} and 

7I = (7l.D---:7l,r) 

(6) = 'Yl ai{Tk{E^) - r,... ,rk(F;i) - r,Tk{Ei),.. .,Tk{Ei)). 

rk(£^ 2 )-times r—rk(Si)-times 

The notion of semistability for a tensor depends on a stability parameter S, which 
essentially measures how far a semistable tensor is from being semistable in the 
usual way. The parameter <5 is a rational polynomial Sx"~^ +(5„_2x"“^ ■ • • + diX + do 
with positive leading coefficient d > 0. 

Definition 5 (Semistability). Let {E, ip) be a tensor of type (a, 6, D). Then {E, ip) 
is d-(semi)stable if for any weighted filtration the following inequality 

holds: 

(7) P^{E\^,^) = P^[E\a) + 5ixj{E\^,p,) (7, 0. 

The tensor is slope (5-(semi)stable if 

(8) L'^{E*,a;ip) = Li{E',a) + 6fii{E',a;ip) (7) 0. 

Sometimes we will write (resp. L^) instead of Pi (resp. Lj) if the set of indexes 
I is understood. Moreover, from now on, we will write (semi)stable (resp. slope 
(semi)stable), instead of d-(semi)stable (resp. slope (5-(semi)stable), unless we want 
to stress the reader’s attention on the parameter S (resp. 6). 

Remark 6. Similarly to the case of sheaves, we have the following chain of impli¬ 
cations (see [4]) 

slope S(n — l)!-stable d-stable d-semistable => slope d(n — l)!-semistable. 

Remark 7. (1) Let (E*,a)i be a weighted filtration indexed by I and let 

fj,i(E*, a; ip) = —( 7 i,q -b • • • -I- 7i,i„). Then there exists a permutation 

such that ^ «■ 

(2) From now on we will write 

if there exists a permutation a : t {ii,...,ia} such that 

Definition 8. Let {E,ip) by a tensor of type (a, 6, D) and (£”, 0)1 be a weighted 
filtration of E indexed by I. For any i S I let (0 C £i C E,ai) be the induced 
length one filtration. We will say that {E*,a)i is non-critical if 

p.i(E’,a]ip) = C EiC E,ap,ip), 

iei 
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and critical otherwise. 

We say that the filtration {E',a)i splits (or, analogously, that it is a splitting 
hltration) if exist two proper subsets of indexes J,K C I with J U K = I, and two 
vectors of positive rational numbers j3 G and C G such that 

Otherwise, we say that it is non-splitting. 

Now we will introduce another notion of semistability for tensors that will be 
useful in the future. This notion was already introduced and studied in [J in the 
case of decorated sheaves. 

Let (i?, Lp) be a tensor and let F be a subsheaf of F, then define 

fa if 0 

kF,F = k(F,F;c^) = I fc if ^ 0 and = 0 

[O otherwise. 

Definition 9 (k-semistability). Let (F, Lp) be a tensor of type (a, &, D) of positive 
rank; we will say that (F, ip) is k-(semi)stable or slope k-(semi)stable if and only if 
for any proper subsheaf F the following inequalities hold 

k-(senii)stable rk(F)(PF — dk^^E) (-) i'k(F)(PE — aS), 

slope k-(semi)stable rk(F)(deg(F) — JkF^e) (f) rk(F)(deg(F) — a5). 

If F is torsion free and F is a proper subsheaf let us define = p{F) — 7 ^^ and 

Pp = Pf — 7 ^^, where pl{F) = 7 ^^ and Pf = , then the above conditions 

become 

-k -< k 

Pf (-) Pe 
/(F) / /(F), 

respectively. 

Remark 10. Let (F, (p) and F be as before. A straightforward calculation shows 
that 

/r(0 C F C F, 1; ( 75 ) = rk(F) kF,E — ark(F). 

Therefore, the k-semistability condition coincides with the semistability condition 
for filtrations of length one. This clearly implies that 

(semi)stability =► k-(semi)stability 

and 

slope (semi)stability => slope k-(semi)stability 

Therefore, a tensor (F, ip) is (semi)stable (resp. slope (semi)stable) if and only if it 
is k-(semi)stabile (resp. slope k-semistable) and condition ([7]) (resp. (|S])) holds for 
any critical weighted filtration. 
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2.1. The associated matrix. Let {E,(p) be a tensor of type (a, &, D), and fix a 
weighted filtration {E*,a)i = (0 C Ei^ C ••• C Ei^ C E^ = E; a = (ai)igi) 
indexed by I = {ii,... ,is}. 

Let Mi{E*]ip) be the associated a-dimensional matrix, that is, the matrix defined 
by the following equation, 

[0 otherwise, 

where ti,..., ia G I. Note that Mj(LI*, i^) is symmetric, that is, 
for any permutation a in the symmetric group Sa- 


Definition 11. Let = {{ii,... ,ia) G | *i < • • • < ia} be the set of ordered 
a-tuples. We define a partial ordering over in the following way. Let 

i = (zi, ... ,ia) and j = (ji,... ,ja) be two elements of then 

iA i is > js for any s G {1, ..., a} 

We will say that two elements z,j G are comparable, and we will denote it 
by z ~ j, if and only if z ^ j or j A i. We will say that they are incomparable, 
and we will denote it by z / j, otherwise. 

Note that, if = 1 for a certain a-tupla (zi,...,Zo), then it is easy to 

see that = 1 for any (ji,... ,ja) A (zi, ... ,ia)- Conversely, if = 0, 

then = 0 for any ^ (zi...Zo)- Let Tf'* = {(zi,...,Zo) G 

A°'~‘^ I = 1}, then the set P of =^-maximal elements of A^''^ uniquely deter¬ 

mine Ml [E* ; Lp). We will call these elements pivots and we will denote them with 
the character p. From now on we will identify Mi{E*; ip) with the set of its pivots 
P = {pi,... ,Pp}, where pz = (pzi,... ,p*a) G T“. 

Let {E',a)i be a weighted filtration and let Mi{E*\(p) = {pi,...,pp} be the 
associated matrix. Denoting with the rank of Ei, define 

(9) Ci = tiPe - rPEi - a6ri, 

Ci = Ti deg FI -rdegEi - oEvi, 

and 

Ri,a= Ri{E',a:,(p) = max {i?i,a(pi))} 

“ PiGMi(E*;cp) ^ ~ 

where, for an element z = (zi,..., Za) G A‘”'‘‘, 

“ f 

Rl,a(i) = y ] I y ] CKs 

i=l Vs>i3.s6I 

Note that 

max (Rj afpi))) = max < Rj q(z)) \ ip\ ^ 0 >, 

indeed, if z ^ j then i?i,a(i) < Ri,a{j) and the pivots are exactly the ^-maximal 
elements of A°i'^. 




REDUCTION OF THE SEMISTABILITY CONDITION FOR TENSORS 


7 


Using this formalism the (semi)stability condition ([71) is equivalent to the follow¬ 


ing, 


ctiCi + rSRi^a (-) 0 , 


iei 


while the slope (semi)stability condition (|8|) is equivalent to the following, 


'^aiCi -\-r6Ri^^ (=) 0 . 


Indeed, suppose that the minimum of (p) is attained in (U, ■ ■ ■, ia)- Then 

{ii,... ,ia) must coincides with a pivot = (p^i,...,p^a) of (p) and 

Pi {E* ,a;p) = — ( 71 ,+ • • • + 7 i,ia) 


So 


and 


= - H - Y. 


air 


Y - Y 


air 




l>ii 


IGI 


l>i 


= - a ^ am + r ^ H-h ^ 


az 


ZGI 


\l>ii 


l>ia 


= - a'^am + r 
zei 


E E 

i=i \i>pij,i&i 


= - aY^am -I- rRi^gJppj). 


IGI 


Pi{E*,a) + Spi(E*,a; p) = Y^^nCi + rSRi^a 

iei 

Li{E*,a) + 6pi{E*,a; p) = Y^ aic^ -I- rSRi^a- 

iei 


3. Main results 

In this section we proof that, if the length of a filtration is greater than its com¬ 
plexity, that is the number of pivots of the corresponding matrix, then the filtration 
does not play a role in semistability condition. More precisely, if such a filtration 
destabilizes, then there exists a proper subfiltration which destabilizes as well. This 
theorem extends [U Theorem 12] where the same result is given in the particular 
case a = 2. Finally, we give some special conditions whereby a fixed filtration splits. 


Theorem 12. Let {E,p) be a tensor of type {a,b, D) and let (U*,a)i be a weighted 
filtration indexed by 1 = {ii,..., U}- Let 

LLi{E , o) {pi,...,Pp} {rrii^_^i^ )ij<ij+i,ije{i,...,a} 

be the associated matrix, where pi = (pii,... ,Pia) S 1° is the i-th pivot. 

If s > p + 1 and Pf{E*,a]p) 0 (resp. Lj{E*,a]p) Q), then there exist a 
proper subset J C I and a vector /3 = (/3j)jgj of positive rational numbers such that 
PfiE^,P;p) 0 (resp. L>f{E\p-p) (1, Q). 
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Proof. Without loss of generality we can suppose that I = {1,..., s}. We prove the 
statement only for the (semi)stability, being the slope (semi)stable case the same. 
Consider the function 


/ : K® —)■ R 

where l3^Ci = Clearly f{f3) extends Pj {E',13] (f) to all R® and coincide 

over the domain of Pj . The function /3j.C'i is an homogeneous linear polynomial 
in Z[/3i,..., Ps] while /3 i—> being the maximum between homogeneous linear 

polynomials in the variables Pi,...,Ps, is piecewise linear. Therefore, /(/3) is a 
continuous and piecewise linear function. It is linear in the regions 14 = {/3 S 
R* I Ri.pfpk) > Ri./silPi) for any I = 1 ,... ,p} where the maximum does not change. 
Note that /(O) = 0 and Vkj = Vk Cl Vj is a vector subspace of R® of dimension s — 1, 
therefore {7° = /~^(0) is a piecewise linear hypersurface in R®. We are looking for a 
positive intersection of the set 17/ = {/3 G R^ | /(/3) < 0} with (at least) one of the 
coordinate hyperplanes = {Pi = OjnR^, where R^ = {,9 G R® | A > 0 G l}. 
Indeed, if exists P' G 17/71 P [^, then exists also a rational P in such intersection 
and the filtration {E*,P)] indexed by J = I \ {z} is a proper subfiltration which 
destabilizes. So, if 17/ intersects a coordinate hyperplane, we are done. Suppose 
that this is not the case. If 17/ does not intersect any positive coordinate hyperplane 
then the restriction of 17° to R^ should be contained in a cone W with vertex in 
zero which does not intersect any PP^, moreover the set {/3 | /(/?) < 0} should be 
contained inside the space region bounded by 17/. The minimum number of linear 
hyperplanes necessary to define a piecewise linear hypersurface contained in a cone 
is s — I. Since /(/3) is linear until it reaches any 14/, 17/ could be contained in W 
only ifp — I > s—I. Therefore, if s > p + I, is not possible that 17° is contained 
in W and so 17/ intersect a positive coordinate hyperplane and we are done. ♦ 


Remark 13. Now we want to give an example to show that the previous bound 
for s is sharp, that is, if s = p then the statement of the theorem does not hold. 

Let 0 C El C E 2 C E 3 C E he a, filtration of E and, as usual, we denote by r and 
d the rank and the degree of E and by and dt the rank and degree of Ep moreover, 
for convenience sake we assume that r is a multiple of 3. Eventually, we will fix 
(5 = I, a = 4 and we suppose that ci = —C 2 = —2r, C 3 = —Moreover, 
assume that the pivots are (I,l,r, r), (2,2,2,r) and (3, 3,3, 3). In particular we 
get that kEj,E = 2, kg^.E = 3 and k^^ ^ = 4, so the /c-semistability conditions, 
Ci + ks^.E > 0, are satisfied for z = 1,2,3. If we choose weights ai = 4, a 2 = 2 and 
as = 6 we get Ri^a = 24 and the semistability condition becomes 


(aici + a 2 C 2 + Oi^cz + 24)r 



-4-20 + 24 


r < 0 , 


so that the filtration destabilizes. 

Now we will calculate the semistability conditions for the length 2 subfiltrations 
and we will show that they do not destabilize. 

• Filtration indexed by {1,2} 
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- case 2/3i > 

(-|/3i - 2/32 + (2/3i + 2/32)^ r = »' > 0 

- case 2/3i < /32 

(-^/3i - 2/32 + (3/32)^ r =(^^ 2 - ^ ^ 0 

• Filtration indexed by {2,3} 

- case j5z > 3/32 

(^-2/32 - y/33 + ( 4 ^ 3 )^ r = 0/33 - /320 > 0 

- case P 3 < 3/32 

02/32 - y/33 + (3/32 + 3/33)^ r = 02 - 03^ t > 0 

• Filtration indexed by {1,3} 

- case Pi > P 3 

(-01 - y/33 + (2/3i + 2 / 33 )^ r = (0i - 03^ r > 0 

- case /3i < /33 

(-|A-> + (4A)).= (|A-^A)r>0 

So there are no destabilizing length 2 filtrations. 

For a concrete example it is enough to consider the following rank 6 vector bundle 
on a smooth curve X 

E = Ox(l)®® 

and the filtration 

0 C C F /2 C F /3 C F/, 

where Ei = Ox{P)^ E 2 = i3i0Ox(l)®^ and E 3 = i 32 ©Ox(l)®^- Indeed, recalling 
that Ci = dvi — rdi — aSvi (equation ©), we get that the constant ci relative to 
El is equal to —4, C 2 = —12 and C 3 = —20. Finally, define L — Oxim), with m 
big enough such that F(—4) has sections, and denote by V the last summand of E, 
that is, E = E 3 (BV, then there exist nonzero morphisms 

• pi : El B El BV BV ^ L 

• p2 • F/2 /El 0 E 2 /El 0 E 2 /El 0 fo —^ L 

• p3 : E3 / E2 0 E3 / E2 0 E3 / E2 0 E3 / E2 —>■ L , 

define p = pi®p 2 ®p 3 ^ so that we have = 2, kg^.E = 3 and V.E 3 ,e = 4. Hence, 
the tensor {E,pi B p 2 B p 3 ,L) is not semistable and it cannot be destabilized by 
filtrations of length 2 or 1 . 
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Proposition 14. Let {E,(p) be a tensor of type {a,b, D) and {E*,a)i be a weighted 
filtration. If there exists an index j S I such that cj = drj — rdj — aSrj > 0 (resp. 
Cj = Prj — — aSrj ^ Oj then there exist a proper subset J C I and a weight 

vector /3 S J“ such that 

L>f{E',a;cp)>L>fiE',§;,cp) 

(resp. Pf{E*,a;ip) > Pf{E*,j3](p)), where (i?*,/3)j is the subfiltration indexed by 

J. ~ ~ 

Proof. We prove the Proposition only for the slope semistability, because the proof 
in the the semistability case is the same. 

It is easy to see that for any pair of disjoint subsets J,K of I, Rj < Rj + 
Therefore, Lf{E*,a;ip) = where 

J = I \ {j} and a' = ♦ 

Let {E, (fi) be a tensor of type (a, 6, D), {E*,a)i be a weighted filtration and let 
Mi{E',a;, ip) = {pi,..., Pp} be the associated matrix. Define 

14 = {^ e K® I i?i.^(pfc) > Ri,p{ph), h = l,... ,p}. 

If J is a subset of I, we denote by Vj = Pliei k = 1,... ,p, Ri^pipk) = 

is a linear polynomial in Z[/3i,...,/3s] such that 0 < Xkj < Xkj+i for 
any j € 1. This implies that 14 is a linear (closed) subspace of dimension s of K.'*. 

If the maximum of the filtration {E*,a)i is achieved at the pivot pj we have 
a linear system of inequalities {5'i}i=i^,,,_p_i of the form Ri^a{Pj) > Ri,a{pk) for 
k ^ j. We will denote the linear system of equations associated to {S'i}i=i,,,,,p_i 
by {5'i}i=i,...,p_i. We will write S'i(a) > 0 or Si(a) = 0, if we want to stress which 
weight vector we are considering. 

Proposition 15. Let {E,(p) be a tensor of type {a,b, D) and {E*,a)i be a weighted 
filtration. Using the notation introduced above, ifVi 7 ^ {0} then the filtration 
splits. 

Proof. Suppose that the maximum is attained in p^, i.e. for any j = 1,... ,p the 
following inequality holds i?i,Q(pfc) > Ri^afPj)- Let us consider the linear system of 
inequalities {S'i};=i,...,p, i^k = {^i,a(pfc) - Ri,a{pj) > associated to 

the filtration {E*,a)i and the associated linear system of equations {S'i}i=i,...,p, ipk- 
By hypothesis, the vector subspace 

14 = {^ G R'* I Si{§) = 0 for any I = 1 ,... ,p, I ^ k} 

of R'* intersect so we can choose C G 14 H R^ such that /3 := a — C G R+- If 
the vector a satisfies a linear inequality Si (a) > 0 then we have 

Sm =Si{a-0 = Si(a) - Si(0 = Si{a) > 0, 

since Si is linear and C is a solution for Si. Because of this, the linear system 
associated to the filtration {E*,(3)i is the same of the one associated to {E*,a)^, 
id est, the maximum for the filtration (E*,/3)i is achieved in the same pivot as for 
the filtration {E*,a)i. Moreover, the relation /3i := m — Q implies 

jgi iei iei 
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So we need to show that 

(10) Ri,a = Ri,fi + Ri,c- 

after replacing, for aW i € 1, j5i with Ui — Co the terms ai will delete each others, 
hence Equation ()10p becomes an equation in the variable Q which is equivalent to 
Sig for a certain Ig € {1,... ,p}. 

Finally, in order to get a decomposition in two proper filtrations we need to add 
the conditions (i = 0, and (j = aj (that is, = 0) for some i ^ j. At the end, 
we have a system with p + 1 equations in s variables which admits a non-trivial 
solution if s > p + 1. ♦ 


Proposition 16. Let {E,(p) be a tensor of type (o,6, D), (E*,a)i be a weighted 
filtration with I = {ii ,..., jg} and suppose that the associated matrix ip) = 

{p} has only one pivot. Then 

Li [E ’, a; ^ (0 C A, C A, a,; p) 

i£l 

and 

PriE-,a;p) = ^Pfq(0 C E, C E,af,p) 
iei 


Proof. We will prove the theorem for the slope semistability, being the semistability 
case the same. Let us assume that p = (pi,... ,pa) S 1°, then 

Rl.a — Rl,afp) — Oip^ + • ■ • + Op2_i + 20p2 + • • • + (a — l)Op^_i + OOtp^ + • • ■ + OOCi^ . 

Let k be an index in I such that pj <k < Pj+i, then 


R{k},ak ~ Ji 

indeed, if R{k},ak = I > j then p ^ 7 ^ 0 and so {k,... ,k, r,... ,r ) 

i-tiLea (r-lLtimra /-times (r-/)-times 

would be another pivot. Therefore, 

Rl.a ^ ( R{k}.ak 


fcei 


and we are done. 


4. Combinatorial considerations 

In this section we will treat some combinatorial problems related to the study of 
the semistability condition of tensors. Fix I = {1,..., s} (since we are interested in 
combinatorial problems we can assume, without loss of generality, that I consists 
of the first s natural numbers), let us denote by I = IU{s + l} and t = |I|. We 
are interested in the cardinality of the set = {{ii,... ,ia) £ 1° | zi < • • • < ia}- 

Let n, k be integers, denote with pk (n) the number of partitions of n into exactly 
k parts. Then 

{ Pk (n) =pk{n- k) + pk-i in - 1) 

Po(0) =1 

Pk{n) = 0 if n < 0 or A: < 0. 

Is a well-known fact that pi (n) = 1 and that p 2 (n) = [^J. 
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Lemma 17. Let I and be as above and let i = {ii,..., ia) and j = (ji,... ,ja) 
be two distinct elements ofA”'^'^. ~ theni and j are incomparable 

(see Definition \ll]) . 

Proof. By hypothesis Yd=i = SLi A {ii,...,ia) 7 ^ (j'l, ■ ■ ■, ja)- Therefore, 
there exist two indexes I and V such that ii < ji and in > jn ■ ♦ 

Theorem 18. Let I and be as above and fix a subset B of A”^"^ and let he 
the subset of A-maximal elements of B. Denote by ha,t,= ^^XB(iA<”'<‘{\B^\}> where 
I • I denotes the cardinality of a finite set. Then hi^t,= ^, ^ 2 ,t,=P 2 {t + 1), otherwise 

(11) ^a,t,= max fa,tix), 

a<xKat 

where fa,t '■ [a, at] —>• N is defined as follows 

rc —a+1 

= Pa{x)- ^ fa-l,kix-k), 

j 1 if X = a > 1 , 

I 0 otherwise, 

J1 if ^ < X <t, 

I 0 otherwise. 

Proof. If a = 1 there is nothing to prove. If a = 2 the maximum is clearly at¬ 
tained by taking B as the set of anti-diagonal elements, that is B = {(1, r), (2, r — 
2),..., I -I- 1)} if t is even and B = {(1, r), (2, r — 2),..., ■^)} if t is odd. 

In any case any element of B is =^-maximal, that is B = B^, and the cardinality of 
B is which is exactly P 2 (i + !)• 

Let a > 3. We want to construct a subset, B of A'”''^ such that B = B^ and 
which realizes the maximum. The idea for constructing B is to start from an a- 
tuple ii G A""^, then adding V 2 G such that h'f'h, then i^ G such that 
‘h'f'A and 12 and so on, until is not possible to add any other a-tuple which 
is incomparable with all the previous ones. In this way we get a set B with the 
property that B = B\ but clearly the cardinality of B depends on the choices made. 

Claim. Starting from an a-tuple i = (ii,... ,ia), in order to construct a set B 
which is the largest possible, the best choice for adding an a-tuple (which is incom¬ 
parable with the previous ones) is by adding an a-tuple j = (ji,... ,ja) such that 

E d • \—\d 

/=i ** “ A ■ 

Indeed, thanks to Lemma [II] the added a-tuples are incomparable with each 
other. Therefore, we have to prove that the set B constructed in this way is big¬ 
ger than any other set constructed starting from the same a-tuple i = {ii,... ,ia). 
Without loss of generality we can suppose that ii = 1. We will prove the claim by 
induction on a. If a = 1 there is nothing to prove. Suppose we proved the claim 
for a — 1. Starting from i, because of the inductive hypothesis, the best way in 
order to hll the first layer is adding all a-tuples having the first coordinate equal to 
1 and the same sum of i . An a-tuple j = (ji,... ,ja) such that H/Li A > 
is A to at least one of the a-tuples already added. Thefore, the only possibility is 


(12) /a.t(x) 

faAx) 

flA^) 
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adding an a-tuple j with — ^‘ 1=1 inequality is strict, it is easy 

to see that we are missing at least an o-tuple between j and one of the previous ones. 

Fix an a-tuple i, then we construct a set Bi C as the set containing all 
j G such that By Lemma flTl we have that Bi = B^; more¬ 

over, by the previous claim max3^^ord{|i3l*|} = maxjg^<,rd{|i3j|}. 

Claim. Leti = (ii, ... ,ia) be an a-tuple and let x = ^21=1 then \Bi\ = fa,t{x). 

We prove the claim by induction on a. If a = 0 there is nothing to prove. Assum¬ 
ing that the claim holds true for any a' < a — 1, we prove for a. Since Bj^ contains all 
a-tuples j = (ji,..., ja) such that ^ then the cardinality of Bi coincides 

with the number a-partitions of x minus the partitions involving numbers greater 
or equal than t -|- 1. The cardinality of the former set is exactly Pa (x) while the 
cardinality of the latter can be calculated as follows. The integers greater or equal 
than t -|- 1 appearing in the partitions are the integers between t -|-1 and x — (a — 1). 
So the number of o-partitions of x involving numbers greater or equal than t -|-1 is 
equal to the sum (over k) of (a — 1 (-partitions of x — fc involving numbers less or 
equal than k which, by the inductive hypothesis, is equal to fa-i,k{x — k). 


By the previous claims, we have that 

max {|B#|} = max {|B,|} = max | fa,t ( ) 

I \i^ j 


max {fa,t{x)}. 

a<.x<at 


♦ 


Definition 19. Let n be a natural number, then define 

\l + q + q^ + ■■■ + if n 7 ^ 0 
= < 

0 otherwise. 


Then 

and 


nq\ - nq • (71 l)g.2g • Ig, 

/ nq\ ^ Uql 

\kq) kq\{n-k)ql' 


Remark 20. Let i be an element of and let x be an integer in [a, at], then we 
define 

a 

Sz = ^ 4 

k^l 

and 

Sa.i(a;) = {i G I Ej = x}. 

With the notation of the proof of Theorem [18] it is easy to see that the set Bi 
is exactly the set T,a,t{x) if Ei = x. Therefore, the second claim of the proof of 
Theorem [ill shows that fa,t{x) = |i?i| = |Ea,t(x)|, where | • | denotes the cardinality 
of a set. 
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Theorem 21 ([TJ Theorem 3.1]). Let n^k be integers, then 

^ 9 / XGnxk 

where n x k are the < n-tuple with coefficients in k, i.e. n x k = {{ii, ■ ■ •, *s) | s < 
n and ii < k for any I = 1 ,..., s}. 


Corollary 22. The number |Ea^t(a;)| of s-tuple with s < a with coefficients in I 
whose sum is equal to x is equal to the coefficient of q^ of ■ 


Theorem 23. 


(a + t - 1)( 


at 


'^faAx)T 


Proof. Using the results of Theorem [21] and Corollary one gets the following 
chain of equalities: 


(a + t — 1)( 


= E 

AGQiX (t—1) 


SA 


a(t —1) 

E 


s=0 


where ffi = J2t=o | • | denotes the cardinality of a set. 

Note that, the number of a-tuple with coefficients in {1,..., t} and whose sum is 
X, is equal to the number of s-tuple for 0 < s < a with coefficients in{l,...,t — 1} 
and whose sum is a; — a, i.e. 


1=0 

The left-side of the previous equation is equal to fa,t{x) 1Remark 1^. while the 
right-side is equal to Px-a (Corollary |22|). Therefore 


^■(i—1) at 

E = E 

s=0 x—a 




X—a 


♦ 


Corollary 24. Let 1, A°^'^ and fa,t{x) be as in Theorem\18[ Then 

at 


a + t — \ 


= fa,t{x). 


Proof. Follows directly from Theorem 1231 when q = 1. 

Corollary 25. The maximum of faffix) is attained for x = J ^ 

Proof. Follows directly from the properties of the quantic binomial. 


♦ 

♦ 


Proposition 26. Let a,t,x as usual. Then 

faffix) = fa,t-l{x) + fa-lffix - f), 


or, equivalently. 


faffix) = fa,t+l{x) - fa- 1 ,t+l{x - t - 1) 
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Proof. From (HU one gets that 

x — a-\-l 

Pa (x) = fa,t{x) + ^ fa-l,kix-k). 

Since the left-side of the previous equation does not depend on t we can change t 
with t — 1 and get the equality 

x — a-\-l 

Pa (x) = fa,t-lix) + ^ fa-l,kix-k). 

k—t 

Therefore, 

x —0+1 ai —0+1 

fa,t-l{x)+ ^ /a-l,fe(a; - fc) = /a,t(a;) -f ^ fa-l,k{^ - k), 
k—t fc—1+1 

and the thesis follows. ♦ 

5. Rank 3 tensor sheaves on the projective line 

In this section we want to describe all degree zero rank 3 slope semistable tensors 
{E, (fi) of type (3, b, Opi) on P^, where Opi is the trivial bundle. 

Since we are on P^, the bundle E decompose as E = Ti 0 L 2 0 Tj- We will 
denote by di the degree of Li, by ki the number and by dij,Cij and the 

corresponding invariants for the bundles Li 0 Lj. Note that, in this setting, the 
bundles decomposes as: 

E^ = Lf3 0 Lf3 © Lf3 0 3(Lf 2 © L 2 ) 0 3(Lf 2 © L 3 ) 0 3(Lf2 © Li)0 

03(Lf ^ © L 3 ) 0 3(Lf ^ © Li) 0 3(Lf ^ © L 2 ) 0 6 (Li © L 2 0 L 3 ). 

As we have already remarked, if the matrix associated to a filtration has only one 
pivot, then the filtration splits (see Corollary [16]) and so Lj{E •,«) = E.ei%(OC 
Ei C E,ai) and, if the filtration destabilizes, then at least one element Ei of the 
filtration k-destabilizes. Thanks to Theorem 1181 the maximum number of pivots in 
the case a = r = 3 is max 3 <a;<g/ 3 ^ 3 (a:). The maximum of f 3 , 3 (x) is attained for 
X = 6 and / 3 , 3 ( 6 ) = 2 therefore, in this case, the matrix associated to any filtration 
has one or at most two pivots, no matter what (E, (p) is. A simple calculation shows 
that all possible matrices having two pivots are the following: 

(1) Pi = (1,1,3) andp 2 = (l,2,2) 

(2) pi = (l,l, 3 )andp 2 = (2,2,2) 

(3) pi = (l, 2 , 3 )andp 2 = (2,2,2) 

(4) pi = (l, 3 , 3 )andp 2 = (2,2,2) 

(5) pi = (l, 3 , 3 )andp 2 = (2,2,3) 

Clearly the semistability condition depends on the morphism p, for example, 
if = 0 then E must be a semistable bundle in the usual way hence we obtain 
di = ^2 = da- So, from now on, we will assume that p is not identically zero. We 
start from the following easy but fundamental result. 

Lemma 27. Let us assume that the semistahility conditions for the tensor (E, ip) 
hold for any filtartion obtained starting from the line bundles Li, id est, all the 
filtrations 


0 C Li C L,® Lj C E 
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then the tensor {E,(p)is semistable. 

Proof. Let 

iE*,a) = (0 C L;i C L ;2 c E,{ai,a 2 )) 

any weighted filtration. We want to prove that there exist indexes i,j £ {1,2,3} 
such that 

L^(E*,a;(p) > C L, C Li®Lj C E,a](p). 

Since rk(i?i) = 1, without loss of generality, we can assume that exists an injection 
g : El ^ Li. Clearly the cokernel of this morphism is a rank zero sheaf, hence, 
if we have a non zero morphism (p : (g) ^ then the restriction 

P\ei '■ ^ Ofi will be non zero as well, that is ki,j,E = A similar 

argument works also for the rank 2 sheaf E 2 after considering the decomposition 
E 2 = Ml ©M 2 , where Mi are rank one sheaves. More precisely, up to changing the 
order of Li, we can assume that Mi £ Li. So we have proven that 

fi{E*,a;(p) = Ai(0 C L, C Li®Lj C E,a;(p) 

Moreover,since we have a non zero morphism g : Ei ^ Li we have that deg(i?i) < 
deg(Li), and deg(iil 2 ) < deg(Li © L 2 ). So we have 

HE*, a) > L{0 C Li C L,® Lj C E,a) 

which concludes the proof. ♦ 

From now on, we will denote by {i,ij) the following filtration 

0 C Li C A* © Lj C E, 

indexed by I = {1, 2}. So, for example, the element (1, 2,3) of the associated matrix 
describes the beahvour of ip restricted to the bundle Lj © {Li © L^) © E. 

If E is the trivial bundle E = Opi, then the semistability conditions given for the 
subbundles Lj = Opi imply that ki > 1. Let consider now the filtration {i,ij). An 
easy computation shows that a such hltration is critical if and only if kj = 3, and 
in this case the pivots are (1,2,3) and (2,2,2) and in both cases the semistability 
conditions are satisfied. 

So now we assume that E is not trivial, id est E ^ 0\. We choose the indexes 
in a such way that di < d 2 < ds, hence, since the degree of E is 0, all the possible 
cases are the following: 

(i) di < 0 < ^2 < ds; 

(ii) di < d2 < 0 < ds; 

(hi) di=d2 Kds; 

(iv) di <d 2 = d 3 . 

Since E is semistable, considering the semistability condition given by sub¬ 
sheaves, id est, the slope k-semistability, we obtain the following conditions for 
1,2,3: 

d^-kf6 <--5 =-6 
- 3 

So in particular, ka > 2. However, since da > 0 there are no non-zero morphisms 
Lf3 ^ Opi, hence ka = 2, so, by definition of k, the restriction of p to Lf^ © E 
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gives a non-zero morphism ® E)®^ —>■ Opi, that is a non-zero morphism: 

((Lf^ (g) Li) © (Lf^ © L 2 ) © —5- Opi 

Since deg(Lf^) and deg(Lf^ © L 2 ) are strictly positive, we get that the only non¬ 
zero component of the previous morphism must start from (Lf^ © Li)®^ and this 
implies that 2^3 + di <0. Since ds > d 2 and by assumption di + ^2 + ^3 = 0, 
the only possibility is that d 2 = d^ = Moreover, the existence of a non zero 

morphism © Li)®^ —> Opi implies that ki > 1 . 

Case ki = 1 . The non-equivalent filtrations we have to consider are the filtrations 
(1,12), (2,12) and (3,23). Let us consider first the filtration (1,12), that is, the 
filtration: 

0 C Li C Li © L 2 C S. 

Since ki = 1, then one pivot is (1,2,2), and the only possibility for another pivot 
is in the position (1,1,3); however this element of the matrix associated to if is 
zero; otherwise, ki should be 2, So the filtration is not critical. Now consider the 
filtrations (2,12) and (3,23), that is, the filtrations 

0 C L 2 C Li © L 2 C S and 0 C L 2 C L 2 ® L 3 C E. 

In the hrst case one pivot is (1,1,2) while, in the second case, it is (1,1, 3), but in 
either cases the hltrations are not critical. 

Case ki > 2. In this case, one pivot of any of the previous filtrations is (1,1, 2); 
hence, there are not critical hltrations. 
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